Non-linear Schrödinger-type (NLS) formulation of FRW cosmology with canonical scalar field are considered in case of two barotropic fluids. We derived Friedmann formulation variables in terms of NLS variables. Seven exact solutions found by D'Ambroise [26] and one new found solution are explored and tested here for their cosmological validity. All solutions given do not result in agreement with observation. The wave functions found here are non-normalizable and the total energy is negative hence it does not support NLS formulation interpretation of quantum cosmology.
I. INTRODUCTION
Strong evidences of present accelerating of the universe have been widely accepted [1] together with pictures of inflationary phase in the early universe [2] . The accelerating expansion could result from dynamical canonical or phantom scalar field with time-dependent equation of state w φ (t) < −1/3 or from modification of general relativity (see e.g. [3, 4] ). Conventional approach to FLRW cosmology is the Einstein field equations, i.e. the Friedmann and acceleration equations with conservation in form of the fluid equation. The system is sourced by canonical (or phantom) scalar field and barotropic perfect fluids. Alternative mathematical approach is the non-linear Schrödinger (NLS) formulation reviewed as follow.
The Ermakov system [5, 6] , which is a pair of non-linear second-order ordinary differential equations, was noticed to have a connection to standard FLRW cosmology sourced by a barotropic perfect fluid and a self-interacting canonical scalar field minimally coupled to gravity, providing alternative analytical approach to the cosmological system [7] . Onedimensional Ermakov system decouples to single equation dubbed the Ermakov-Pinney (or Milne-Pinney) equation [5, 8, 9] 
where b = b(t) ≡ u −1 (t) = a n/2 . Function a is the scale factor and t is cosmic time. Dot is d/dt. Albeit its non-linearity, its general solution is a superposition of particular solutions of a related linear second-order ordinary differential equation when the constant λ = 0 [8, 10] . As discussed in [7] , Q(t) and λ reads 
The system above is related to FLRW cosmology of the flat (k = 0) case of the system,
(φ + 3Hφ) = − dV dφ .
where the speed of light c ≡ 1, κ 2 ≡ 8πG, D ≥ 0 is proportional constant, = 1 or −1 for canonical or phantom field cases. The scalar field density is, ρ φ = (1/2) φ2 + V (φ), the scalar field pressure is, p φ = (1/2) φ2 − V (φ). Barotropic fluid pressure and density are, p γ = w γ ρ γ and ρ γ = D/a n where n = 3(1 + w γ ). With further reparametrization x(t) = u dt, the Ermakov-Pinney equation (1) is expressed as one-dimensional linear Schrödinger equation,
where
Hence flat FLRW cosmology with scalar field and a barotropic fluid can be described by a linear Schrödinger equation. This relation is also applicable in case of RSII braneworld [7] . The connection between FLRW scalar field cosmologies to non-linear partial differential equations such as the Ermakov-Penny equation in 2+1 dimensions [11] and 3+1 dimensions [12] were further studied and blowup solutions are found, giving hope to have relevance to non-linear quantum cosmology. Non-flat (k = 0) case extension of the FLRW system is reported in [13] and Bianchi I and V extension of the approach are also made. It is also found that Bianchi I Einstein field equation with scalar field and a perfect fluid is equivalent to linear Schrödinger equation [14] . Cosmology in form of Ermakov-Penny equation with k > 0 is found to be corresponding to two-dimensional Bose-Einstein condensates [15] . Perturbative scheme of the solution of the Ermakov-Pinney equation was developed in connection to generalized WKB method [16] . The work by [17] shows that a generalized Ermakov-Milne-Pinney (EMP) equation is completely equivalent to the FLRW scalar field cosmology (including the non-flat case). It comfirms and generalizes the result of [7] . The generalized EMP equation later was found to be equivalent to the NLS equation,
providing alternative approach to the FLRW scalar field cosmology with quantum-mechanical formulation [18] .
In the NLS-Friedmann correspondence, inputs are either assumed scale factor or scalar field function which enable us to obtain exact solutions for a non-flat Friedmann universe with a barotropic fluid and a scalar field [19] . Recently, parametric solutions of non-linear ordinary differential equation of which the special cases are homogeneous and inhomogenous cosmologies and Bose-Einstein condensation correspondence, are found [20] . The NLS formulation of Friedmann scalar field cosmology and its interpretations might fulfill the need of non-perturbative quantum description of gravity and cosmology since it establishes correspondence between quantum and gravitational systems [21] . These motivated consequential studies on the NLS formulation of scalar field cosmology assuming scale factors functions [22] [23] [24] and inflationary parameters [25] . Detail of the NLS formulation is presented in D'Ambroise's dissertation [26] .
Here in this work, we investigate the NLS-Friedmann connection in the case of two barotropic fluids with a canonical scalar field. We also analyse solutions of the NLS system of the two-fluid case based on possible u(x) solutions reported in [26] and give critics on physical interpretation of the solutions.
II. EQUATION OF MOTION
Consider a FRW universe sourced by two non-interacting perfect fluids and a minimally coupled scalar field φ with potential V (φ). The density and pressure of the fluids are given by
whereas the scalar field density and pressure are given by ρ φ = (1/2) φ2 + V (φ), p φ = (1/2) φ2 − V (φ) as above. The scalar equation of state is w φ = p φ /ρ φ . The dynamics are governed by the Friedmann equation,
and by acceleration equation,ä
Note that the Klein-Gordon equation is a consequence of the above two equations. It is sufficient to consider only the Friedmann equation and acceleration equation. Therefore we have
In general, once we specify a(t), D 1 , D 2 , n, m, k, we can immediately obtain φ (t) 2 and V (φ). The value for n or m implies types of barotropic fluids, for instance, n = 0 for w γ = −1, n = 2 for w γ = −1/3, n = 3 for w γ = 0 (dust), n = 4 for w γ = 1/3 (radiation), n = 6 for w γ = 1 (stiff fluid).
III. NLS FORMULATION
In order to connect the Friedmann formulation to the NLS formulation, we define 2 ,
whereẋ(t) = u(x). The equation (12) then becomes a non-linear Schrödinger equation
We can express φ (t) 2 , V (φ) and the other cosmological quantities as
(20)
Using these relations, we recover the NLS equation (15) with the NLS potential,
where NLS kinetic energy is
If expressed in term of density parameters
such that the Friedmann equation
Here we consider only non-phantom case, i.e. = 1.
IV. NLS EXACT SOLUTIONS
Following the D'Ambroise thesis [26] , we consider the NLS equation,
where E, F and C are constants and
D'Ambroise demonstrates that there are at least seven exact solutions of NLS for single barotropic-fluid case [26] . Here we apply the solutions to the NLS equation for two barotropic fluids. Contribution of the second fluid is expressed as an additional term in P (x) as seen in the equation (14) . We quote table of solutions from table E.1 of the previous work [26] into Table I of this work where minor notation here is altered from [26] , i.e. σ → x, a 0 → e 0 and θ ≡ 1. Features of the NLS formulation are the benefits of having an alternative way of solving for (1) scalar field exact solutions (as in [19] ) and (2) scale factor solutions. Here we emphasize our studies on the scale factor solutions. 
The first solution of equation (28) is
where E = 0, F = −d 0 and C = 0. These imply D 1 = 0, n = 4 and k = d 0 /2 and equation (28) in this case is
Hence D 1 represents the radiation fluid since n = 4 (see equation (7)). However there is no radiation density for this solution since D 1 = 0, hence there are only fluid D 2 and curvature k = d 0 /2.
• Case 1.1:
The solution is reported in [26] as,
where ∆ = b 2 0 − 4e 0 c 0 < 0 and
The coefficients e 0 , c 0 must take the same signs, i.e. e 0 > 0 when c 0 > 0 or e 0 < 0 when c 0 < 0 so that the condition ∆ < 0 is satisfied. From u = a −n/2 in equation (13) hence the scale factor is
In form of redshift, 1 + z = a(t 0 )/a(t) hence
The Hubble rate is derived,
For t > t 0 , Hubble rate is negative, the universe contracts and for t < t 0 the universe expands. Both cases blow up at some finite values of the tan function.
• Case 1.2: e 0 = 0 The wave function reduces to u(x) = b 0 x + c 0 and the solution is
and for b 0 = 0,
The scale factor is hence
hence
and H = −2b 0 /n = H 0 is a constant Hubble rate. Since n = 4 hence b 0 = −2H 0 . This could give either positive or negative constant H 0 depending on the sign of b 0 . For negative b 0 , the expansion is of the de Sitter type.
Although, we have solutions for the cases 1.1 and 1.2, it does not make sense to have zero density of the first fluid, D 1 = 0 but having n = 4. Fluid density with zero value must remain zero forever. The appearing of n = 4 in expressions of density and pressure makes no sense either.
B. Solution 2
The second solution expresses that
The conditions satisfying this solution are
• Case 2.1: E = 2b The solution equation (41) corresponds to
The scale factor solution is found as
where e 0 = 0. As n = 4 hence
and time-redshift relation is
We hence write
The valid range of redshift is z ∈ (−2, 0) which is not realistic. The case 2.1 is not physical due to negative density, D 1 < 0. The case 2.2 has the same problem of the case 1.1 and 1.2 such that D 1 = 0.
C. Solution 3
The given solution is
where C = −3 corresponds to n = 1 or w γ = −2/3, E = c 0 + 2b arcsinh(e e0b0(t−t0) ) , and u(t) = e 0 e e0b0(t−t0)
where b 0 x > 0. The scale factor is hence
where e 0 = 0. The redshift can be determined as
and there is a relation
whereas z < 1. The Hubble rate as function of time and redshift are
The barotropic fluid of this case is with w γ = −2/3 which is not realistic. Hence it is not of our interest.
D. Solution 4
The exact solution is
in this case. The constant E = c 0 < 0, F = 0 and C is arbitrary, hence
The results are
and
Conditions need to be satisfied are e 0 , b 0 must have the same sign and n = 0, i.e. w γ = −1. Having non-zero n with F = 0 implies k = 0 (flat geometry). The redshift z is found to be constant, i.e. z = −1 hence there is no time-redshift relation. Hence it is not realistic.
E. Solution 5
in this case. The constants E = c 0 + b 0 < 0, F = 0 = −nk/2 and C is arbitrary, hence
where c 0 < 0, n = 0. At t = t 0 , a is indeterminate therefore there is no time-redshift relation. Hence this case is also not interesting.
F. Solution 6
in this case. Other conditions are E = c 0 −2b
and the scale factor, redshift and Hubble rate are where n = 0. Taylor expansion of the solution (64) is
Compare to the power-law expansion solution a ∼ t q (with constant q) which corresponds to [22] u(x) power-law = (2 − qn)
for n = 3 (dust), we found that the second and third terms of the equation (70) 
where Ω φ (z) = 1 − Ω 1 − Ω 2 . Plot of a(t) and Ω φ (z) are in figures 1 and . They do not resemble current observation which suggests acceleration and present value of scalar field density parameter, Ω φ,0 ∼ 0.7.
G. Solution 7
Other conditions are E = c 0 , F = 0, arbitrary C. We need c 0 < 0 such that
and the scale factor, redshift and Hubble rate are
where n = 0. As a(t 0 ) = 0, z(t) = −1 hence there is no time-redshift relation. Hence it is not realistic.
H. Solution 8
Apart from the solution given by J. D'Ambroise [26] , we have tried solutions in form of cosh(b 0 x) and sinh(b 0 x) and found that they are not solutions. However we found that
is also a solution with
with E = c 0 − 2b
When comparing to the solution in the power-law expansion case, (71), for n = 3 (dust), we found that the first and the second terms of the equation (79) 
and the scale factor a(t), redshift z(t), and Hubble rate H(t), H(z) are the same as of solution 6 so as density parameters and all other relations.
V. CONCLUSIONS AND COMMENTS
In this work, we express NLS formulation of FRW cosmology with canonical scalar field (evolving under unspecified potential) and two barotropic fluids. The first barotropic density (D 1 ) is related to NLS total energy (E) (see equation (13) ) and the second barotropic fluid density (D 2 ) contributes to additional term in P (x) (see equation (14) ). The choice of not adding D 2 term into definition of E is because E must be constant in deriving solutions. We give a lists of Friedmann formulation variables expressed in terms of NLS variables for two barotropic fluids case. The second part of this work is to explore seven solutions given in [26] . The solutions considered in this work base on top-down deducing derivation from the equation of motion (NLS equation). These are solutions of the system of scalar field with barotropic fluids under NLS potential (P (x)) listed in table I. In addition, we found one new solution which gives the same result as of the sixth solution of [26] . Their cosmological expansions are checked and none is found to agree with realistic solution depicted by observation.
It is noticed that previous works ( [19] , [22] , [23] , [24] , [25] ) assumed forms of the expansion functions, a(t). These are power-law (a ∼ t q ), de-Sitter (a ∼ exp(t/τ ) and super-acceleration (a ∼ (t a − t) q ) (with constant q and τ ). These expansion functions are converted to the explicit form of NLS solutions, u(x). Although it is true that u(x) are exact solutions but assuming the expansion forms is to force the problem to take the assumed answers in a bottom-up direction of reasoning. These alter the form of scalar potential V = V (u, u ) = V (a,ȧ) to adjust so that the dynamics can accommodate the assumed expansions. Hence it is not a natural procedure. This is unlike conventional derivation of which at beginning step, V (φ) is taken from high energy physics motivation and as a result, solutions and Ω φ are derived.
All solutions-the NLS wave functions u(x) found here are non-normalizable (as it was previously claimed for a specific case of power-law expansion [22] ). Hence it can not be probabilisticly interpreted. The NLS total energy E is negative therefore it is not physical. The NLS formulation interpretation in quantum cosmology that u(x) and E could be the wave function and total energy of the universe is not acceptable.
